The problem of time is one of the most relevant open issues in canonical quantum gravity. Although there is a huge literature about this problem, a commonly accepted solution has not been found yet. Here, we focus on the Semiclassical Approach to the problem of time, that has the main goal of reproducing quantum field theory on a fixed WKB background. We analyse the different choices of the expansion parameter, in order to include matter in the background equations in a clean way and without any need of manually rescaling the matter fields. We also discuss the problem of the non-unitary evolution at the order of the expansion where quantum gravity corrections to quantum field theory appear: we claim that the proposed solutions are non viable and that either the problem may need for new theoretical paradigms to be solved or one has to relax some of the fundamental hypotheses of the Semiclassical Approach, at least at the quantum gravity order. * federico.digioia@uniroma1.it †
Introduction
One of the long standing problems of canonical quantum gravity is the so-called frozen formalism, i.e. the absence of an evolution of the quantum gravitational field with respect to an external clock [8] . Over the years, many approaches have been proposed to address this question, based both on introducing time through some matter source [7, 15] or identifying it with an internal source-time variable [12] . These approaches differ among each other also for considering time proposals before or after the canonical quantization procedure has been performed, but they all rely on the concept of relational time [19] : under the request of suitable conditions, each subsystem can be properly adopted as a clock for the remaining part of the quantum system. However, these approaches seem qualitatively far from the idea that in quantum mechanics time is an external parameter and measurements are performed by a classical observer. Actually, on the base of a relational time approach it is not clear how to reproduce the proper limit of quantum field theory on a curved background, starting from the Wheeler-DeWitt (WDW) equation [9] .
In this respect, a different proposal has been investigated in [22] , where the situation considered is that in which the quantum system can be separated into a set of semiclassical WKB variables and a "small", fast, purely quantum component. This scenario is the quantum gravity version of a Born-Oppenheimer (BO) approximation, with the peculiar feature that now the dependence of the quantum system on the classical variables allows to re-introduce the notion of an external time for the fast system component, essentially coinciding with the standard label time of the spacetime slicing. Although this approach can be applied to any set of variables (see for instance [4] ), it is particularly appropriate to reconstruct the limit of quantum field theory on a classical curved background. For an application of the Vilenkin proposal to the minisuperspace, which clarifies under which conditions the BO approximation can be adopted, see [2] .
In [22] , the analysis is performed by using the Planck constant as the natural expansion parameter and cutting the dynamics up to first order in . In [13] , the same idea is implemented by using as expansion parameter the Planck mass (de facto the Newton constant) and the expansion of the dynamics is considered up to, in principle, any order of approximation. This study has the merit to arrive to similar results than those proposed in [22] , but without requiring the rapid variation of the wave function with respect to the small, quantum subsystem variables. The emerging problem is here that, as far as the next order of approximation is considered, corresponding to quantum gravity corrections to quantum field theory, a non-unitary character of the quantum dynamics emerges. This fact prevents the predictivity of the approach at this level. Nonetheless in [6] the study of the cosmological perturbations on a classical isotropic Robertson-Walker background is developed in the framework of quantum gravity corrections. The results of this analysis calculate the modification of the inflationary spectrum of perturbations, due to non-classical effects of the gravitational field and show the smallness of the non-unitary contributions. Despite such interesting issues, the basic conceptual problem remains open and calls attention to validate the viability of the basic idea of a BO approximation.
Two different proposals to solve the non-unitary problem of the WKB theory, at the order of quantum gravity corrections, have been developed in [5] and [14] . The proposed solutions rely on two different points of view: one aims to define a conserved probability density, disregarding the details of the evolution quantum operator; the other aims to reconstruct a posteriori a well-behaving Schrödinger evolution of the quantum subsystem, by altering the pure WKB dynamics of the gravitational background.
The present study offers a critical analysis of all this field of investigation and outlines how the fundamental problem of dealing with non-unitary contributions in the quantum dynamics has not yet been properly addressed. This problem remains an open non-trivial issue of the BO approximation applied to the semiclassical limit of quantum gravity.
As a first step, we compare the approach in [13] with an expansion in terms of the natural parameter , upgrading the analysis in [22] , up to any order of approximation, and always requiring the rapid variation of the wave function on the small quantum subset. Via this analysis, we clarify that the two approaches are essentially equivalent, but for the classical limit. In fact, the approach in [13] is associated to a classical limit which corresponds to gravity in vacuum. The reason of this feature is simply that, by using the Planck mass as expansion parameter, the gravity-matter coupling is naturally lost in the Hamilton-Jacobi (HJ) equation: matter is ruled out at the zeroth order of the expansion. Differently, the expansion in has no problem in reproducing the classical Einstein equations in the presence of a matter source. A very important example where this feature is relevant can be found in the behaviour of the scalar field in a cosmological setting. In this case the scalar field is able to be the matter source of the isotropic Universe expansion, and, simultaneously, is responsible for the generation of a fluctuation spectrum via its quantum dynamics on such a classical background. Actually, this scenario has been considered in [6] , but the discussed problem has been overcome by a non-legitimate redefinition of the scalar field, by means of the Planck mass. Although the results reached in [6] recover the equations of quantum field theory in curved spacetime, it is worth stressing how, in the considered example, the distinction between "macroscopic" and quantum matter appears really fictitious.
Then, by using a paradigmatic model, with a single classical variable, e.g. the case of a de-Sitter WKB Universe on which lives a quantum scalar field (useful to model the inflation phase of the Universe), we analyse the two proposals contained in [5] and in [14] to solve the problem of the non-unitary dynamics of the matter quantum field in the presence of quantum gravity corrections.
In [5] , an extended (gauge invariant) BO approximation is developed, by recovering the concept of average on the quantum variable, when calculating the classical system evolution, see also [1, 11, 21] . Apart from completing the analysis by properly rescaling the background wave function (which implies an important cancellation of the backreaction that quantum matter exerts on the background), we clarify how the evolution operator remains clearly affected by the same non-unitary features outlined in [13] . In fact, a conserved concept of probability is defined only by subtracting to the evolution operator its average on an assigned quantum state. However, the evolution operator still contains those second derivatives of the quantum system wave function with respect to the classical coordinates, that are source of non-unitarity, as soon as they are interpreted via the introduced time variable. Finally, no real Hilbert space is constructed in this approach, since the scalar product of two different states is clearly not dynamically preserved.
The approach followed in [14] faces the problem by passing from the matter Hamiltonian and the corrected Hamiltonian operators to their eigenvalues. Then, the non-unitarity is translated into the complex nature of the corrected Hamiltonian eigenvalues. The technique to remove the non-desired terms consists of eliminating the imaginary part of the corrected Hamiltonian spectrum via a phase redefinition of the quantum system wave function. The weakness of this proposal relies in the two following requirements: i) the time derivative of the corrected Hamiltonian operator has the spectrum formed with the time derivatives of the corrected Hamiltonian eigenvalues; ii) the matter Hamiltonian operator and its time derivative must commute. These two features are here shown to be not valid in general and therefore the considered procedure is just an ad hoc algorithm, appropriate to very special situations. A more subtle problem of this approach is the lack of gauge invariance under the phase transformations performed on the wave functions, a feature that is instead present in [5] .
The main merit of the present study consists of the fine investigation we perform on the WKB method applied to quantum gravity, outlining how the problem of dealing with non-unitary contributions is a non-trivial conceptual question which calls attention for being solved by introducing new theoretical paradigms, see for instance [17, 20] and the following papers of this series.
The structure of the manuscript is as follows. In Sec. 2 the basic formalism of canonical quantum gravity is briefly presented: after introducing the concept of superspace, the WDW equation is discussed for a minisuperspace model of a homogeneous spacetime with scalar fields, that will be the test model of the theory throughout the whole paper. In Sec. 3 the main concepts of the Semiclassical Approach to the problem of time are discussed and the two semiclassical expansions [13, 22] (i.e. in and in the Planck mass, respectively) are critically reviewed. Sec. 4 deals with a comparison between the two expansions, allowed by the extension of the expansion to arbitrary orders. In Sec 5 the expansion based on the exact decomposition of the wave function, [5] , is presented and completed in order not to break the gauge invariance of this approach. Finally, Sec. 6 contains some useful considerations on the definition of the WKB time, while Sec. 7 deals with the solution to the non-unitarity problem proposed in [14] .
Basic formalism
The application of canonical quantization procedures to General Relativity (GR) is the most traditional attempt to derive a quantum theory of the gravitational field. Canonical quantization -especially of gauge field theories -has mathematical ambiguities, but can at least yield an approximation of the real quantum theory and a good framework to deal with its main issues [10] . The Hamiltonian formulation of GR leads to the concept of superspace, the configuration space of all the geometric and matter variables. Since, in general, the variables are fields defined over a curved spacetime, the full theory has a functional nature and requires some renormaliza-tion procedure to yield finite predictions. To avoid this kind of difficulties, we shall here concentrate on highly symmetric spacetimes, reducing the dynamics to a finite-dimensional scheme. The concept of superspace is then replaced by its finite-dimensional analogous, i.e. minisuperspace. This reduced theory finds its main applications in cosmology, where homogeneous spacetimes are considered.
Let us consider a minisuperspace model, parametrized with ADM variables [3] . The geometric sector is described by the spatial metric components h ij ; while we assume the matter sector to be made up by a set of self-interacting scalar fields φ a , minimally coupled with geometry. All the variables do not depend on space points, but only on the time of the spacetime slicing. The dynamics of the model is encoded in the super-Hamiltonian constraint, that is implemented on a quantum level as a restrictive condition on the quantum states of the Universe, described by the wave function Ψ(h ij , φ a ). This condition is the WDW equation, given by
The tensor g ijkl = (h ik h jl + h il h jk − h ij h kl )/2 √ h is the minisupermetric of the geometric subspace of the minisuperspace and is symmetric in the exchange of index pairs; while the diagonal tensor g ab = δ ab is the minisupermetric of the matter subspace. The quantity U (h ij , φ) = a u a (h ij , φ) represents the total matter potential, given by the sum of the terms coming from each field. The spatial curvature (3) R defines a geometric superpotential and can be modified as (3) R → (3) R − 2Λ to include a cosmological constant term. Once the cosmological constant is included, the model can be used to describe the inflationary phase of the early Universe.
It is worth noting that the quantization of the theory leads to order ambiguities: different quantum theories may be obtained depending on the original position of the minisupermetric, which is a function of the minisuperspace variables, with respect to the con-jugate momenta in the classical super-Hamiltonian constraint. To simplify our discussion, normal ordering has been chosen, by placing the minisupermetric components on the left of the derivative operators.
Throughout the paper, eq. (1) will be written in more compact forms by adopting a vectorial notation and absorbing useless constant factors in the definition of the minisupermetric components. For instance, referring to the geometric variables with g and to the matter ones with m, Laplacian operators can be defined as
where, for the geometric subspace, index pairs have been mapped into single indexes. This formalism applies to the ordering that provides general covariance in the minisuperspace [22] , if one considers no more the second order derivative operators ∇ 2 g and ∇ 2 m Laplacians, but Laplace-Beltrami operators.
Semiclassical Approach
The WDW equation is a condition satisfied by time independent quantum states. Rather than meaning that the Universe is static, the appearance of such a condition is a direct consequence of the fact that GR naturally has a parametrized Hamiltonian formulation, due to time reparametrization invariance. On the other hand, an external time label is an essential ingredient for a quantum dynamical theory. Hence, one should look for a meaningful definition of time among the minisuperspace matter and geometric variables. In a purely quantum theory all the variables involved should be treated as quantum. The Semiclassical Approach is an attempt to define a time label in the limit in which some of the variables in the Universe can be treated classically. Classical variables determine a fixed background over which it is possible to define the time evolution of a quantum subsystem. The presence of classical variables is needed to define a time label that ensures the positive semidefiniteness of the Klein-Gordon-like scalar product induced by the WDW equation and finds a conceptual justification in the role played by classical devices in the interpretation of quantum measurement [22] .
The core idea of the Semiclassical Approach is that eq. (1) may be solved perturbatively in some quantum parameter, e.g. the Planck constant [22] or some parameter depending on the gravitational constant G, such as the Planck mass m p [13] . In both kinds of expansion the wave function will be separated in a WKB semiclassical wave function for the background and in a wave function for the quantum subsystem. This way of proceeding yields: first, the classical equations for the background [13, 22] ; at the next order, the Schrödinger equation on a fixed curved spacetime [13, 22] ; one order later, quantum gravity corrections on the quantum sector of the theory [13] . There are, however, some differences depending on the choice of the expansion parameter, that will be discussed and settled in this paper.
Here follows a brief review of the fundamental calculations performed in [22] and in [13] .
Planck constant expansion
Let us denote the classical subset of the minisuperspace variables as c = {c α } and the quantum one as q = {q ν }. In [22] , a crucial role is played by the hypothesis of smallness of the quantum subsystem, meaning that the quantum variables are assumed to have a negligible effect on the dynamics of the classical ones. Under this assumption, eq. (1) can be written as
where the minisupermetric components have been suitably redefined. The operator H 0 (c) = − 2 ∇ 2 0 + U 0 (c) is the part of the WDW operator obtained neglecting all the quantum variables up to order ; while the operator H q (c, q) is the Hamiltonian of the quantum subsystem and is assumed to satisfy the condition
It is worth noting that, since H 0 ∼ 0 , eq. (4) implies that H q ∼ , i.e. U q ∼ and ∇ q ∼ −1/2 . A clear separation between classical and quantum subspaces has been obtained with the following conditions
which mean respectively that, up to first order in , the two subspaces are orthogonal and the minisupermetric of the classical subspace depends on the classical variables only. The Laplacian operator ∇ 2 0 has been defined through g 0 αβ (c). The wave function of the Universe can be written as a direct product of the background wave function depending on the classical variables only and the wave function of the quantum subsystem:
This decomposition reminds that of a BO approximation, even if the author of [22] does not openly declare it. A WKB semiclassical ansatz (up to the first order in ) is then proposed on the background wave function ψ 0 . The wave function is assumed to satisfy the equation
and is written as
where S 0 , A ∈ R stand respectively for the classical action and the first order quantum amplitude. Plugging the ansatz (8) into eq. (7), one finds, at order 0 , the HJ equation for S 0
and, at order , the following condition on A
that can be easily written as a continuity equation for the classical current vector j 0 = A 2 ∇ 0 S 0 . An equation for the quantum subsystem is found by plugging eq. (6) into eq. (3). By using eq. (7) and neglecting all terms up to order , one finds
By defining time through the relation
the Schrödinger equation for the quantum subsystem is recovered
The nice property of the definition (12) is that the (n − 1)-dimensional sections of the minisuperspace labelled by the time parameter (i.e. the equal-time hypersurfaces) are orthogonal to the hypersurfaces S 0 = const, as it usually happens in Hamiltonian mechanics. In other words, the equal-time hypersurfaces are crossed once and only once by each element of the congruence of the classical trajectories. As shown in [22] , this property is essential to define positive probabilities starting from the Klein-Gordon-like scalar product and recover the standard interpretation of quantum mechanics for the small subsystem of the Universe. A final remark is necessary to avoid misunderstandings. From the procedure followed in this section, it seems that both eq. (9) and eq. (10) derive from having imposed eq. (7). However, this is true only for eq. (10): the HJ equation has not been really imposed, but naturally found, since it is the only equation at order 0 . Conversely, eq. (10) has to be imposed to find the Schrödinger equation at order . This is the main reason for making a WKB expansion on the background.
Planck mass expansion: non unitary evolution
Following [13] , let us define the fictitious mass
Since M has the dimension of a mass over a length, this expansion is expected to hold for particles with small mass over Compton length ratio, which happens for particles whose mass is much smaller than the Planck mass. In [13] the M expansion is carried over on the functional theory: we here apply the same calculations to the finite-dimensional eq. (1), in order to keep the same basic formalism of the expansion. By making M appear in eq. (1), the WDW equation takes the following form
where eqs. (2) have been used after suitable redefinitions of the minisupermetric components and the geometric superpotential
has been defined. The wave function can be written as
where the complex phase S has been expanded in powers of 1/M . As well as in the expansion, the background wave function is assumed to follow a semiclassical WKB expansion, this time in the parameter M . In [13] , the equations for the background are imposed order by order and the factorized BOlike form of the wave function is built at each order separating the background term from the quantum one. Plugging eqs. (16) into eqs. (15) one finds at the leading order (M 2 ) the following condition
where a sum over the minisupermetric indices is implied. Assuming that each of the scalar fields has positive definite kinetic energy, eq. (17) is a sum of independently vanishing terms and implies that the classical action can be function of the geometric variables only: S 0 = S 0 (g). The next order (M 0 ) yields the HJ equation for the background
The absence of matter variables in this equation indicates that the classical limit of matter is excluded by this expansion and one will have to be satisfied with pure geometrical backgrounds (i.e. solutions of the Einstein vacuum equations). At order M the wave function is factorized as
The quantity D is a function of the geometric variables only, that plays the role a Van Vleck determinant in the WKB expansion of the background wave function. After imposing on D the condition
it is easy to find the Schrödinger equation for the matter fields wave function with time defined as
The order M −1 involves the second order of the complex phase, that is assumed to be separable as S 2 (g, m) = σ(g) + η(g, m). As a result, the wave function turns up to be factorized as Ψ 2 (g, m) = ψ 2 (g)χ 2 (g, m), where
The quantity σ is chosen in order to satisfy the second order equation of a WKB expansion
By imposing eq. (23) and using eq. (21) one finds a corrected Schrödinger equation for the wave function
The second line of eq. (24) contains the quantum gravity corrections to the Schrödinger equation in curved spacetime. In [13] , these corrections are studied through a procedure based on the projection of the gradient in the background indexes along the normal (i.e. temporal) and tangential directions to the S 0 = const hypersurfaces. After defining the tangential unit vector l and by using eqs. (18) and (21), the following relation is said to hold
It is clear that this decomposition breaks down if
Eq. (25) must be then substituted into eq. (24). Under the assumption that the matter Hamiltonian H m depends adiabatically on the geometric variables, χ 1 depends on g only through τ and the tangential terms can be neglected. By making use of eqs. (18) and (20) and noting that
From this equation it becomes clear that some of the quantum gravity corrections that are part of the Hamiltonian operator acting on χ 2 are nonhermitian. These terms induce a unitarity violation in the quantum sector of the theory, that impairs the standard interpretation of quantum mechanics at this order. It is worth noting that, at this order and under the hypotheses made to pass from eq. (24) to eq. (26), all three corrective terms in eq. (26) emerge from ∇ 2 g χ 1 , since the only normal contribution coming from 2∇ g ln D∇ g χ 1 is suppressed by the use of eq. (20).
Discussion on the asymptotic expansion
In this section, the two expansions previously reviewed will be discussed in a comparative way. The first thing that should be emphasized is that both expansions make use of an adiabatic approximation to separate the semiclassical background from the quantum subsystem, in a way that is similar to a BO approximation. What is missing here with respect to a true BO approximation is the procedure of averaging over the quantum variables, that may allow for the introduction of backreaction. This feature is instead present in [5] , which we will deal with in the next section. However, the adiabatic approximation is mathematically realized in a different way, depending on the choice of the parameter. The choice of requires the assumption of smallness of the quantum subsystem, in order to obtain the adiabatic decomposition between classical and quantum subspaces. In the case of the M expansion, this decomposition is natural and is due to the choice of a parameter that contains the gravitational constant G. The price for this naturality is a huge drawback: the only possible decomposition in this approach is between quantum matter and classical geometry. As a consequence, in the M expansion there is no way to treat classical matter fields or to include quantum geometrical degrees of freedom (i.e. the graviton). In [6] , the authors try to overcome one part of the problem, by introducing "macroscopic" matter fields obtained by scaling the matter variables with the Planck mass. We think that this is more likely an attempt to work around the problem, since redefining the fields through the expansion parameter is not conceptually satisfying.
It is worth noting that this nasty difference between the two expansion has a very simple origin: by looking at eq. (15), one can see that with respect to there is a perfect symmetry between geometric and matter terms, while with respect to M there is one order gap between them (eq. (17) is a direct consequence of that). In the expansion, this gap is precisely recovered with the additional hypothesis of smallness. The same considerations apply to any parameter containing the gravitational constant G, as can be seen by inspecting eq. (1).
With the exception of this difference, the two approaches yield similar results up to the quantum mechanics order (i.e. or M 0 ). The HJ equation is found in both expansions, although in the expansion is more general, since it corresponds to the Einstein equations in presence of matter sources. At the next order, the Schrödinger equation is found for the quantum subsystem, after imposing eq. (10) in the expansion and eq. (20) in the M expansion. To see that the two equations coincide, one just has to put A = 1/D. To carry on the comparison at the quantum gravity order and to reach a better understanding of the structure of the theory, both the expansions will be now extended to arbitrary orders.
Let us begin with the expansion. First, the hypotheses made in [22] have to be generalized in order to have a clear separation between classical and quantum subspaces, valid at each order of the expansion. In this regard, the conditions (5) on the minisupermetric components are assumed to be verified exactly: g αν = 0 and g αβ = g αβ (c). The Laplacian operator in the background indexes, being defined through g αβ (c), now depends exactly on the classical indexes only and will be denoted by ∇ 2 c . Similarly, the background potential is assumed to be independent from the quantum variables at every order and will be denoted by U c . The WDW equation reads
where the Hamiltonian of the quantum subsystem has not changed and satisfies the condition of smallness: H q /H c ∼ (i.e. U q ∼ and ∇ q ∼ −1/2 ). Let us write the wave function as
and expand the complex phase S in powers of /i. To obtain the factorized form of the wave function, when expanding S, we assume that its components can be separated as S n = σ n (c) + η n (c, q), for n ≥ 1. This way, one obtains
where
Hence, the wave function takes the BO-like form
The background wave function is assumed to satisfy the following equation
By substituting to ψ its expansion (32a), this equation yields, order by order, the HJ equation for the classical action S 0 and the equations of a WKB expansion for the σ n . Let us report the first orders here:
It is easy to see that with A = e σ1 eq. (34b) becomes eq. (10) and that eq. (32a) up to order reduces to the ansatz (6) . The equation for the quantum subsystem is obtained by plugging eq. (31) into eq. (27), using eq. (33) and dividing by ψ:
After substituting to ψ its expansion and using the usual definition of time ∂/∂τ = 2∇ c S 0 ∇ c , eq. (35) yields the corrected Schrödinger equation
At order , eq. (36) reduces to the exact Schrödinger equation for the quantum wave function χ 1 , given by eq. (13) . At order 2 , it is easy to find
where the corrective terms are of the same kind of those in eq. (24), since D = e −σ1 . This result shows that, by restricting the classical subspace to the geometrical variables only, the expansion yields precisely the same results of the M expansion, also at the quantum gravity order. For completeness, let us now briefly apply this formalism to the Planck mass expansion. The complex phase of the wave function Ψ(g, m) = exp[iS(g, m)/ ] is expanded as
where is just a number (i.e. it has a fixed value). In view of eq. (17), here the classical action is assumed to be function of the geometrical variables only, ab initio: S 0 = S 0 (g). By assuming, as before, that S n (g, m) = σ n (g) + η n (g, m) for n ≥ 1, the BO-like form of the wave function emerges
The definitions of the quantities P and Q differ from eqs. (30) only for the presence of M . By imposing the following equation on the background wave function ψ
it is easy to show that the equation for the matter component is given by
This is the corrected Schrödinger equation for the matter subsystem and it corresponds precisely to eq. (36). The background equation (41) yields order by order the HJ equation (18) and the WKB equations (34), where the derivatives are now in the background indexes g.
Following a procedure described in [14] , eq. (42) (and thus eq. (36), with minimal changes) can be written as
and H is an abstract Hamiltonian operator containing H m and all the corrections at every order. The procedure used to pass from eq. (42) to eq. (43) is the generalization of that used in the previous section to derive eq. (26), being based on the adiabatic approximation ∇ g χ ∝ ∇ g S 0 (i.e. the contributions tangential to S 0 = const are neglected) and on the use of eq. (18) and eq. (34b). The use of eq. (34b) causes the sum in the expression of K to begin from n = 2. At the quantum gravity order (1/M ), eq. (43) yields eq. (26). At higher orders, the quantum gravity corrections not only arise from the ∇ 2 g term in eq. (42), but also from the term containing P . As noted in [14] , the same result can be obtained considering σ n , V and χ depending on τ from the beginning and dropping all the components of the minisupermetric of the geometric subspace with the exception of the g τ τ component.
As a concluding remark to this section, let us take stock of the situation. Both the and the M expansions recover the already established theories through a HJ equation for GR, that fixes a background, and a Schrödinger equation in curved spacetime for quantum mechanics. The expansion is more general, since it admits backgrounds generated by matter sources and quantum geometry. At the quantum gravity order, both expansions yield non-hermitian corrections, that break the unitarity of the theory. A further common feature of the two approaches is that the backreaction of the quantum subsystem on the background is not included: the inclusion of such a non-adiabatic effect would allow for quantum gravitational effects on the semiclassical sector.
Exact expansion
Another attempt to treat a quantum subsystem on a WKB semiclassical background is provided by [5] . In this work, the authors develop a decomposition in classical and quantum variables through an extended BO approach, but more accurate than the traditional BO approximation. This approach is based on an exact decomposition of the wave function, given an initial ansatz, and it is largely used in chemistry [1, 11, 21] , where it finds experimental verification.
Let us shortly illustrate here such decomposition on the system given by (15) and make some useful considerations. Following [5] , the matter degrees of freedom will be assumed to be quantum and the gravitational ones to be classical, although different choices are possible with similar results. The following ansatz is established
The equation for the background wave function can be written as an average of eq. (15) on the the quantum function χ
while the equation for the quantum subsystem is found as the difference between the complete equation (15) and the classical one (46)
While deriving eq.(46) and eq. (47), the following definitions have been used
where the quantity A plays the role of a Berry connection and D are covariant derivatives, in a sense that will be clear soon.
It is worth noting that the ansatz (45) has this nice property: if the total wave function is normalized to unity
then, as a bonus, the background wave function is naturally normalized, as shown by the following relations
Eqs. (46) and (47) can be more generally derived from a variational principle [1, 11] . These considerations underline that this is a more solid and advanced model than both the traditional BO approach and the BO-like approach followed in [13, 14] . Moreover, eqs. (45) imply no freedom to the decomposition of the total wave function into classical and quantum components, except for a phase factor depending on the classical variables only (because ψ cannot depend on the quantum ones, even after such a transformation). Eq.(46) and eq. (47) are invariant under such a phase change, due to the covariant derivatives of eqs.(48). Hence the decomposition (45) is unique and characterized by a gauge symmetry. This gives even more value to this formalism. Following [5] , the covariant derivatives D,D can be absorbed in the wave functions through the redefinitions
This way, one finds the equations for the semiclassical background
and for the quantum subsystem
where the average over the wave functionχ has been defined
If an operator O m acts only on the quantum variables, the following relation holds
It is worth stressing that (51) is not a simple phase transformation, because A ∼ ∇ g depends on the state χ.
In order to find the Schrödinger equation for the quantum subsystem another step is needed. First, time is defined through a WKB expansion of ψ in powers of
where the inverse of the first order quantum amplitude has been denoted with N , not to create confusion with the covariant derivative. By plugging the expansion (56) into eq. (52), one finds, at order 0 , the HJ equation
and, at order , the equation for the Van Vleck determinant N in the form
One can see that, differently from [13] , this approach includes the backreaction of the quantum subsystem on the the semiclassical background. Then, the quantum wave function is redefined through another phase factor as
where, as before, the phase depends on the state χ. After some calculations, by using eq. (57), one finds
where the traditional BO approximation consists in neglecting the right hand side, [5] .
In [5] , the unitarity of the theory is shown through
(62)
Non-unitary evolution
There are two open issues in the procedure developed in [5] . First, the quantum wave function is χ s and the semiclassical wave function is ψ, while their product should yield the total wave function: this implies a breaking of the gauge symmetry of the theory. Second, the Schrödinger equation (61) contains derivatives with respect to the background variables, which contain also the time: these derivatives must be clearly expressed and analysed. Indeed, as shown in [13] and in Sec. 4, the Laplacian operator on the right hand side of eq. (61) in particular is responsible for the unitarity breaking terms at the quantum gravity order. Furthermore, an additional problem is that the right hand side of eq. (62) vanishes only if one takes the norm of the states, but it does not for different quantum states. This means that a proper dynamical Hilbert space can not be built in this approach, since a conserved scalar product can not be defined for all the states. Let us improve the method proposed in [5] , in order to deal with the open issues just discussed. Despite the generality of the expansion, we will here expand the semiclassical wave function in powers of M ; this way the comparison with [13] will be simpler.
The expansion in follows similar calculations, beside the differences noted in Sec. 4. Given the previous considerations, let us define the background wave function ψ s associated with χ s through
in such a way that the total wave function reads
A semiclassical expansion, similar to that made in [14] , is performed on the background wave function
This time we did not include the imaginary unit in the expansion parameter in view of the next step of our procedure. The quantity P is separated in its real and imaginary parts as P = ζ − iρ, such that
By defining time as in [5, 13, 22] , that is through eq. (57) with the substitution S eff → M S 0 , one has
and eq. (61) at order M 0 yields the Schrödinger equation
as expected.
The first interesting differences from [5] appear in the equations for the background expansion. Eq. (46) yields: at order M the usual HJ equation
and at order M 0
By using the definition of time (69), it is easy to see that the backreaction disappears. The fact that the backreaction shifted by one order in the expansion is just because in [5] a expansion has been performed on the background without the hypothesis of smallness of the quantum subsystem (i.e. H m ∼ ), that would have caused the backreaction to appear in eq. (59). After separating the real and imaginary parts, eq. (72) yields
The first equation corresponds exactly to eq. (34b), while the second points out that ζ 1 has no dynamical relevance. By using eq. (69), eq. (73b) reads
Until now, the results of [13] (and equivalently [22] ) have been recovered precisely, but with the adoption of the more advanced formalism of [5] .
Let us see what happens at the quantum gravity order (1/M ). We will show that the quantum gravity corrections calculated with this approach differ from those calculated in [13] , but still yield a unitarity violation, in contrast with what is declared in [5] . For simplicity, let us now restrict to the case of a single gravitational degree of freedom, which will be denoted as α; this is consistent with [5] and it does not alter the results. The presence of a single gravitational degree of freedom will keep us from dealing with the projection of the gradients in the geometrical indexes with respect to the S 0 = const hypersurfaces. With the same procedure of [14] , the following equations can be found
where eq. (75c) comes from writing eq. (71) directly in τ (that means choosing time as the classical variable instead of α). We stress that, even with a single geometrical degree of freedom, this procedure is valid only if (3) R = 0, otherwise we would have ∂ τ S 0 = V = 0. By using the previous relations and eq. (70), it is easy to find
where time derivatives have been indicated with a dot and the following identity, due once again to eq. (70),
has been used. By making use of eqs. (76), eqs. (73) and eq. (60), after some cumbersome calculations one can rewrite eq. (61) as
The last equation is the equivalent of eq. (26), i.e. of eq. (42) of [13] , but in the framework of [5] . We note that the non-hermiticity of the quantum gravity Hamiltonian is still a problem, unless one takes the norm of a state, hence eq. (62). In this case, differently from [13] , all quantum gravity corrections vanish and this may be interpreted as an additional issue, despite the more rigorous framework, or a prediction of this approach.
Let us now turn our attention to the background wave function at order 1/M . Rewriting ∂ α through eq. (75d), with the help of eqs. (73) and of (71) one finds
Through the last equation and eq. (76c), one can rewrite eq. (46) at the desired order. After separating the real and imaginary parts, one finds
This perturbative order clearly shows the backreaction of the quantum subsystem, at the same order expected in [14] , although the solutions are different, as well as for the corrected Schrödinger equation (78). By writing the equations in the time component from the beginning, eq. (73a) becomes
and by making use of eqs. (75), one can write
With this result, one can simplify eq. (80a) and obtain
Notes on time
Given the strong importance of time in the non unitarity problem, a few additional remarks on some aspect related to it are required. The first one is that the WKB time is an intrinsic time of the system and is related to the general time t through the lapse function N (not to be confused with the N from the WKB expansion of ψ)
This does not alter the structure of our solutions, because the lapse function is always associated with time. About that, see for example the Schrödinger eq. (34) of [22] . The second consideration is less evident, and it is related to the exact decomposition of [5] and the transformations performed on the wave functions. Going from the initial functions ψ, χ to the final functions ψ s , χ s requires two transformations, one that involves A ∼ ∇ g and one that involves H m ∼ ∂ τ . Hence, the total transformation is given by eqs. (51), (60) and (63)
where, given the definition of A, the first phase resembles a Berry phase. The interesting fact is that ∂ τ and ∇ g are related through eq. (57), or equivalently through eq. (69). It is argued that such transformations cannot be taken individually, but form a unique transformation on the system [18] . Moreover, one can write the exponent through the derivatives and get
where we used eq. (48b) and (70) (or equivalently eq. (61), neglecting the fluctuations). Now, by choosing the classical variables set to be {τ, h i } from the beginning, where the h i are the degrees of freedom orthogonal to time, the last equation reads (a summation on index i is implied)
By defining
the full transformation reads
One can easily notice that such transformation is performed on the hyperplane orthogonal to the time coordinate. This is an interesting feature of the model and one of its core definitions, and probably it deserves more investigations.
Non-unitarity in the revisited Planck mass expansion
In this section, we show that the procedure used in [14] to solve the non-unitarity problem at the quantum gravity order is based on wrong assumptions. Let us briefly apply this procedure to the simple case of one geometric variable α, that we identify with the time τ from the beginning. Once the ansatz Ψ(τ, m) = ψ(τ )χ(τ, m) has been used, the WDW equation (15) reads
where the background term
corresponds to the quantity set to zero in eq. (41). Differently from [13] , in [14] , after writing ψ 0 = exp(iS 0 / ), the background term ρ ψ0 is required to be of order M 0 . In order to satisfy this request, the HJ equation
has to hold at order M . Hence, the expression of ρ ψ0 at order M 0 is
By using eqs. (75), eq. (95) and assuming the existence of an abstract Hamiltonian operator H similar to that defined in (43), the following Schrödinger equation can be found
where χ 0 is the quantum wave function, such that Ψ = ψ 0 χ 0 . This equation still exhibit non-hermitian corrections. To deal with them, in [14] , the authors assume the existence of two eigenvalue functions E(τ ) (complex) and (τ ) (real) such that
and expand them in powers of 1/M . Written in terms of these expansions, the WDW eq. (96) yields, at each order, an expression for the eigenvalue of the abstract Hamiltonian operator. Let us report the first two orders (M 0 and 1/M ):
and substituting into eq. (96) one finds
From the time derivative of the redefined quantum state comes a term that exactly compensate the non-hermitian correction on the right hand side of eq. (96), due to eq. (95) at this order (M 0 ). The background term must now be calculated for a ψ 1 defined in such a way that Ψ = ψ 1 χ 1 , i.e.
where σ 1 = − ln V /2. By doing so, one finds that ρ ψ1 vanishes at order M 0 , yielding the continuity equation
That this equation vanishes naturally can be seen using eqs. (75) and the expression of σ 1 . Thus, ρ ψ1 is of order 1/M and is given by the following expression
The same steps can be followed at order 1/M , by including the term in eq. (103) into eq. (96) and redefining the quantum state as
The corrected Schrödinger equation will have only the hermitian part of the Hamiltonian operator H, exhibiting unitary evolution. The background term calculated for a ψ 2 such that Ψ = ψ 2 χ 2 will not vanish naturally at this order, as an effect of the backreaction of the quantum subsystem. This procedure is based on the nice idea that the non-hermitian part of the operator H may be eliminated from the dynamical equation of the quantum subsystem by suitable redefinitions of the wave functions of the product Ψ = ψχ. However, the H operator is unknown in general and can only be constructed order by order. Moreover, in order to redefine the wave functions through phase factors one has to use the eigenvalues of H. The problem is that assuming eqs. (97) means that H m and H commute (at every order) and can be diagonalized simultaneously. Unfortunately, this is clearly not true at every order, as one can see from the expression of E (1) in eqs. (98). Indeed, E (1) contains (0) and its time derivative ∂ τ (0) and highlights that the Hamiltonian H at the order 1/M contains the matter Hamiltonian H m and its time derivativeḢ m , coherently with eq. (26). In general it is not true that H m andḢ m commute: the reason why this happens is that one may let the conjugated momenta to the classical variables appear inḢ m .
To convince ourselves about this, let us consider a Friedmann-Robertson-Walker (FRW) model with cosmological constant and a scalar field as matter component. The Hamiltonian constraint reads
where V is the FRW superpotential. An important remark is that the conjugated momenta to the volume of the Universe a is proportional to the time derivative of a:
The matter Hamiltonian of this simple model is just
and its time derivative yields
The appearance of p a in ∂ τ H m clearly leads to [H m , ∂ τ H m ] = 0. A further issue of the procedure followed in [14] concerns the absence of gauge invariance in this approach: even if the total wave function Ψ is invariant under the redefinitions performed on ψ and χ, the equations of motion are not, differently from what happens in [5] . Thus, such redefinitions can not be fully justified on theoretical grounds.
Concluding remarks
Let us go through the steps of our analysis. In Sec. 4 the two WKB expansions in and in the Planck mass proposed in [13, 22] have been carefully analysed and compared. We have offered a derivation of both expansions in a formalism that is similar to that adopted in [14] . By doing so, we have extended the expansion to arbitrary orders and found quantum gravity corrections to the quantum sector of the theory, starting from the second order in the expansion parameter. This can be seen in the corrected Schrödinger equation in curved spacetime (36) and in eq. (37), i.e. its version at order 2 . The comparison with the Planck mass expansion has revealed that the corrections are of the same kind, see eq. (42). The non-hermitian nature of the corrections is better highlighted once the derivatives of the wave function in the classical indexes are expressed in terms of time, as reported for the Planck mass expansion in eq. (43). We have also pointed out that at order 2 the only source of unitarity breaking terms is the Laplacian operator in the background variables in the right hand side of eqs. (36) and (42).
As for the background sector, the expansion has yielded a HJ equation, corresponding to the Einstein equations in presence of a matter source, and the usual equations of a WKB expansion, see eqs. (34) and [16] . We have discussed the fact that this feature is not completely shared by the Planck mass expansion, since, even if the background equations have the same form at each order, in this case the classical limit of matter is excluded. Though the Planck constant expansion needs for the additional hypothesis of smallness of the quantum subsystem to derive the Schrödinger equation, it gains in generality: one may think of the more elegant Planck mass expansion as just the sub-case of the expansion with a purely geometrical background. This sentence can be seen as the synthesis of the result of the comparison between the two expansions. Moreover, we have stressed that the origin of this difference can be traced in the way the adiabatic separation between slow and fast degrees of freedom is mathematically realized in the two expansions. The Planck mass is the natural adiabatic parameter to split quantum matter from classical geometry and in this sense it does not admit the matter component in the HJ equation. This is acceptable if one is only interested in the recovery of quantum field theory on curved spacetime and gives no importance to the nature of the fixed background. However the Planck mass expansion can not be applied to cosmology without manually rescaling the matter fields with the Planck mass itself, when the theory is applied to inflation, as discussed in the Introduction.
The rest of the paper deals with the problem of unitarity breaking at the quantum gravity order. In Sec. 5, after having reviewed the expansion based on the exact decomposition of the wave function of the Universe proposed in [5] , we have completed the analysis by addressing the two major issues of this study. On one side, we have restored the gauge invariance of the theory, that was clearly broken by the authors. This has been done in eq. (63), by defining the background wave function ψ s correspondent to the purely quantum wave function χ s defined in [5] . By doing this, we have shown that the backreaction experiences a two order shift in the expansion parameter from the order of the HJ equation, where it appeared in [5] . The first shift is due to the fact that the authors made an expansion on the background wave function without the hypothesis of smallness of the quantum subsystem, i.e. H m ∼ . This hypothesis would have made the backreaction appear in the continuity equation, at order . Since we performed the expansion in the Planck mass to simplify the comparison with [13, 14] , we expected the backreaction in the continuity equation. However the redefinition of the background wave function has led to a term that exactly compensates the backreaction in the continuity equation, see eq. (72). Then, we have shown that the first contribution of the backreaction in the background equations appears at the quantum gravity order, accordingly to [14] . For simplicity, we have restricted our analysis to the case of a minisuperspace model with a single geometrical variable. The main result of our calculation is contained in eqs. (80), that exhibit the backreaction of the quantum subsystem.
On the other side, we have explicited the Laplacian operators in the corrected Schrödinger equation (61) in terms of time derivatives, for the single geometrical variable model. This is what has to be done to check properly the unitarity of the time evolution at the quantum gravity order. The result of this analysis is contained in eq. (78), where the analogue of the corrected Schrödinger equation obtained in [13] (see eq. (26)) have been derived in the formalism of [5] . This equation shows that, once the complete form of the time evolution operator is explicited, the problem of unitarity breaking at the quantum gravity order affects the approach proposed in [5] , as well as the others discussed in this paper. Finally, in Sec. 7 we have shown that the solution proposed in [14] to solve the non-unitarity problem within the framework of the Planck mass expansion is based on very strong hypotheses, and, thus, it solves the problem only for very particular models. The procedure developed in [14] is based on the eigenvalue equations (97). Passing from the Hamiltonian operators to their eigenvalues allows for the absorption of the non-hermitian corrections in the background wave function: this is done through redefinitions of the background wave function at each order in correspondence of the redefinitions of the quantum wave function made in eq. (99) and (104). We have argued that the relations (97) can not hold at the same time, since it is not true, in general, that H and H m commute. The reason of this statement is that H contains the time derivative of the matter Hamiltonian and, in general, H m andḢ m do not commute. As a counter-example to the procedure of [14] , we have shown the non commutation of the matter Hamiltonian with its time derivative for the toy model of inflation described by eqs. (105). However our procedure can be applied to all the models with H m that depends on the background variables: indeed, in this caseḢ m contains the time derivatives of the background variables that can be used to make their conjugate momenta appear in its expression.
Summarizing, the analysis above has demonstrated two major points.
On one hand, we have clarified that the proper parameter to construct a WKB approach to the slowvarying part of the quantum system necessarily is the Planck constant, according to standard quantum mechanical criteria. This statement relies on the possibility to get also the matter contribution on the classical limit (i.e. in the HJ equation), according to the idea that quantum boson fields can be characterized by so high occupation numbers to be described by a classical energy-momentum tensor, as in the case of the electromagnetic field and of the scalar field in cosmology. Also fermion fields can admit a classical limit, when the fermion density is sufficiently high. However for these fields such associated classical limit is more commonly regarded as a phenomenological source and its presence in the HJ equation could be inferred independently of the classical limit.
On the other hand, we have clarified how the problem of a non-unitary evolution, emerging at the second order in the expansion parameter, is independent of the specific nature of such a parameter, if the Planck constant or the Planck mass. This shortcoming of the WKB formulation seems to be an intrinsic feature of the assumed decomposition of the quantum state into a slow-varying and a fast-varying component. We also argued that neither of the proposed solutions for the non-unitarity problem is actually viable, because while in [5] the real meaning of the Laplacian operator in the slow variables is not properly addressed (the time evolution operator is not unitary), in the proposal of [14] the removal of the undesired terms is operated by assumptions which are not valid in general, holding only for special ad hoc cases.
However, the idea proposed in [14] contains some physical insight in suggesting that the a priori assumption of a WKB expansion for the slow-varying system component is too restrictive. In fact, limiting our attention to a quantum field on a semiclassical gravitational background, it appears a reasonable conjecture that, at least in general, the quantum field backreaction be not completely negligible. By other words, the nature of the semiclassical system can not be pre-determined, but it should be consistent with the quantum field dynamics, order by order in the parameter expansion. In [5] , the problem of a quantum matter backreaction is considered, but, by completing the redefinition of the semiclassical wave function, we have demonstrated that the backreaction cancels out from the semiclassical equations, up to the quantum gravity order.
A more radical point of view could state that the emergence of a non-unitary contribution in the dynamics -when quantum gravity corrections are considered on quantum field theory -is the evidence that the standard BO decomposition be not appropriate to the gravitational sector. The reason could be in the intrinsic coupling that matter and gravity maintain, in principle at any order of a common WKB expansion, so that postulating the existence of a fast quantum system would break the natural feature of the gravity-matter coupling also on a quantum level. The BO approximation holds up to first order in as demonstrated in [22] only because the quantum matter backreaction is expected to be of order 2 , neglected on that footing. For a recent reformulation of this problem in terms of a Weyl quantization procedure, allowing the inspection of the quantum phase space in place of the configurational variables only, see [17, 20] .
